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]. INTRODUCTION 
Hoel, in a recent paper [2], designates the numbers on the title by 
f(r, k, m); that is, f(r,  k, m) is the number of k-simplexes in the m-th 
barycentric subdivision e'~A, of an r-simplex .4r 9 He shows that 
k+l (k + 1)(k + 2 -  i) ~+1 (1) f(r,  k, 1) = ~ (--1)'  i 
i=0 
and that 
f(r,  k, m) = ~ f(r ,  i, m -- 1) bik, (2) 
i=O 
with bi~ the number of k-simplexes of t71.4i whose interior intersects the 
interior of Ai .  Introducing the matrices 
F,, = {f(i,  j, m)} i, j = 0, 1, 2 .... and B = {b,~} 
with the same range, he notes that (2) is the same as 
Fm : Fm_aB, (3) 
which implies F0-0 aF1 : B and on iteration F,, : FOB" (for similar compu- 
tations, see [1]). 
Hoel finds 
Fo= j+ i , j=  0 ,1 ,2  .... 
B = {N(i,j)} i , j  = 0, 1,2 .... 
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with 
i 
k=0 
In this note I wish to show first that 
f(r, k, 1) : (k + l)[S(r 6- 2, k + 2), (4) 
with S(n, m) the Stirling number of the second kind, in the notation of 
[3], and then that 
and 
b,~.= ( j6-  1) f ( i - -  1, j - -  1,1) 
b,j ---- ( j  6- 1)!S(i + I, j + 1). 
(5) 
(5') 
The last equation is inconsistent with Hoel's result, ~ since with E the 
shift operator: Ef(x) = f (x  + 1) and A : E -- I 
' ;) N(i, j) :- ~ (-- 1) k ( EJ-kO i : A;O ~ = j[ S(i, j), 
k=0 
see [3, p. 33]. 
The proof of (4) is as follows: 
f(r,  k, 1) : ,~i (--1) i (k + 1)Ek+2_i0~+l i i=0  
EAk+IOr+I = Ak+10r+l + Ak+20r+l 
(k + 1)[ S(r + 1, k + 1) + (k + 2)t S(r -- 1, k + 2) 
(k + 1)[ [S(r + 1, k 4- 1) J- (k 6- 2)S(r ~- 1, k 6- 2)] 
(k + 1)[ S(r + 2, k 6- 2). 
The last step is by the recurrence: S(n + 1, m) = S(n, m -- 1) 4- mS(n, m) 
(cf. [3, p. 33]). Moreover, the third and last lines show that 
f ( r ,k ,  1) =- (k+ l) f ( r - -  1, k - -  1,1) 6- (k + 2) f ( r  -- l ,k ,  1). (6) 
Hence equation (6) and the boundary conditions 
f(r, O, 1) = 2 ~+1 -- 1 
1 This remark is due to John Riordan, who read the first version of this note and 
made some corrections and useful suggestions. 
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and 
f ( r ,  k, 1) = 0 for r < k 
imply (4). 
The main purpose of this note is to give an immediate proof  to (6), 
using a proof  of (5). 
The above proofs of equation (4) and (6) are due to Professor Branko GrOnbaum, 
to whom the author of this note wishes to express his thanks. It was Professor 
Griinbaum's question that is answered in what follows. 
II. PROOF OF EQUATION (6) 
Let ao ..... ar be the vertices of  an r-simplex A~, and let {bo I o is a simplex 
of  Ar} be the set of vertices of erdA,. For simplicity and uniqueness, we 
take the set of simplexes of cr~A~ as 
{(boo ..... bo~) I r ~ ~0 C ox C . . .  C cry, ~, are simplexes of A~, all k}. 
I f  a is a simplex of A~, and a~ ~ o, we denote by cr u ai the simplex of 
A~ which has a~ and all the vertices of cr as its vertices. 
LEMMA 1. f ( r -  1, k -  1, 1) is the number of  all the k-simplexes 
(bo o ,..., b%) of  crlAr , for  which crk = A~ and ao ~ tri ~ i = k. 
PROOF: Each such k-simplex determines a k - -  1 simplex (b~, ..... bow_ ) ,  
for which a0 ~ ~ for all 0 ~< i ~< k --  1, in a one-to-one fashion, and the 
number of  these (k -- 1)-simplexes i s f ( r  --  1, k - -  1, 1). 
LEMMA 2. (k --}- 1) f ( r  --  1, k - -  1, 1) is the number of  all the k- 
simplexes (bo o ..... bow ) of  trOt, for which crk : A t .  
PROOF: For each k-simplex (bo o ..... bok ) appearing in Lemma 1 we 
produce k new k-simplexes as follows: (boo ..... bo,_ 1, bo,uao, 
bo,+lwa 0..... bow_lu %, bo) for all 0 ~< i ~<k- -1 ,  in the case where 
ok-1 u a0 :~ ok, and (bo o ..... bo,, bo,u~o .... ,bow_2v~ o, bo) for all 
0 ~< i ~< k --  2, together with (b%, boou. ~ ..... b.~_2Uao, bo w) in the case 
where O'k_ 1 U a 0 : o" k . 
In this way we obtain all the required k-simplexes, and the one-to-one 
correspondence uses the fact that we are in the first case or the second one, 
according to whether the difference in the number of vertices of two con- 
secutive simplexes, the second of  which is the first to contain a0, is at 
least 2 or at most 1. 
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LEMMA 3. (k + 2) f ( r - -1 ,  k, 1) is the number of k-Mmplexes 
(boo ,-.., bo k) of ~lAr for which gk ~- A r. 
PROOF: Add to each such k-simplex the vertex b,~ r , and apply Lemma 2 
for k + 1 instead of k. 
Equation (5) is proved by Lemma 2, while equation (6) is an immediate 
consequence of Lemmas 2 and 3. 
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